hep-th/0402121 



All Googly Amplitudes from the B-model in Twistor Space 



Radu Roibanl^ and Anastasia Volovich-f 

^Department of Physics, University of California 
Santa Barbara, CA 93106 USA 

■fKavli Institute for Theoretical Physics 
Santa Barbara, CA 93106 USA 

Abstract 

It has recently been proposed that the D-instanton expansion of the open topological 
B-model on P"^'^ is equivalent to the perturbative expansion of A/" = 4 super Yang-Mills 
theory in four dimensions. In this note we extend the results of hep-th/0402016 and recover 



the gauge theory results for all n-point googly amplitudes by computing the integral over 
the moduli space of curves of degree n — 3 in P"^!** . 
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1. Introduction 

The construction of efficient computational methods for field theory scattering am- 
plitudes has benefited substantially from string theory input. One example is the Bern- 
Kosower method . The basis of this technique is the low energy limit of string scattering 
amplitudes combined with the spinor helicity. This results in enormous calculational sim- 
plifications for loop amplitudes by taking advantage of the cancelations among Feynman 
diagrams manifest in the string amplitudes. Another example is provided by the Kawai- 
Lewellen-Tye relations among gravity and gauge theory scattering amplitudes. At tree 
level these relations are a consequence of the factorization of the world sheet theory into 
chiral conformal field theories. 

Recently Witten proposed a new technique for computing scattering amplitudes for 
A/" = 4 supersymmetric gauge theory in four dimensions ||^ . In this construction the gauge 
theory scattering amplitudes are given by the D-instanton expansion0 of a topological open 
string theory (B-model) whose target space is the twistor space of the physical space. The 
intuition at the base of this conjecture stems from two sources. The first one is the work 
of Nair who showed that the maximally helicity violating amplitudes (MHV) can be 
expressed in terms of correlation functions of 2-dimensional fermionic currents. The second 
one is the fact that in a large number of examples described in 0] the scattering amplitudes 
are supported on special curves when transformed to the twistor space ^ of Minkowski 
space. 

The proposal was tested in @ for the case of the MHV amplitude and in for the 
5-point MHvi amplitude. While these results may seem trivial from the gauge theory 
perspective, they are certainly not so from the string theory standpoint. Indeed, the 

^ The expressions for the tree level gauge theory amplitudes resulting from this construction 
were recently reinterpreted in |^ in terms of a more standard string theory where the D-instanton 
expansion is replaced by the perturbative expansion. 
MHV amplitudes were called "googly" in @. 
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gauge theory relation between MHV and MHV amplitudes is just complex conjugation. 
As we will briefly review in the next section, the string theory construction does not imply 
any simple relation between them, since they are given by integrals over moduli spaces 
of curves of different degrees (namely degree one for MHV and arbitrarily high degree 
for the conjugate). Moreover the string theory construction suggests that the amplitudes 
may receive nonvanishing contributions from disconnected curves connected by the twistor 
space propagator of the gauge theory fields. Perhaps the most intriguing part of the result 
of is that the 5-point googly amplitude, though supported on degree two curves, can 
be recovered without contributions from two disconnected degree one curves. 

In this short note we will show that the proposal successfully recovers all MHV 
n-point amplitudes. As in the case of the 5-point amplitude, we find the rather surprising 
result that the connected instantons yield the full amplitude without additional contribu- 
tions from the disconnected curves. 



2. Gluon Amplitudes and Topological B-model 



The gauge theory results for the MHV (googly) amplitudes (amplitudes with n — 2 
negative helicities and 2 positive helicities) is well known: they are complex conjugate to 
MHV amplitudes (amplitudes with n — 2 positive helicities and 2 negative helicities) ^ . In 
the spinor helicity notation = A^Aa they are given by the simple expression 



n 



Agoogiy(A, A,r7) = z^7"-'(27r)V J^^^ 



X / d^'^tp exp 



f2.1) 



where the spinor product [z, j] defined as [z, j] = [Ai, Xj] = e^j^A^A^. 

Recently Witten conjectured that tree level n-particle gauge theory amplitudes are 
supported on curves of degree d = q — l, where q is the number of negative helicity gluons. 
He also proposed that gluon scattering amplitudes in A/" = 4 SYM can be computed from 
the open topological B-model on the supertwistor space p3|^ in the presence of D5 and Dl 
branes. In this construction SYM fields are realized as the excitations of the open strings 
on a D5 brane and the scattering amplitudes are computed by "integrating out" the Dl 
brane fields. The introduction of Dl branes breaks most of the isometries of P^'^ and in 
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order to restore them one has to integrate over aU possible configurations of the Dl branes 
whose genus and degree are determined by the amphtude of interest. 

Putting together aU the details and parametrizing the moduli space of genus zero and 
degree d curves in terms of degree d maps from into P"^!^, we find that the master 
formula for the tree-level contribution to n-gluon scattering from instantons of degree d 
(relevant when there are d + 1 negative helicity gluons) is , [0 

^^'^^^^^-j voi(GL(2)) n^;^^^ i?-^J' l^^^J' 

(2.2) 

where 

z' = P\a) = J24^' , ^^^ = G^{a) = J2Pi<^'' , (2-3) 

A;=0 k=0 

and = {z^ , , , z^) = (A^, A^, /x^) are the homogeneous bosonic coordinates on 
p3|4^ A = 1,2,3,4 are the fermionic coordinates, a is the inhomogeneous coordinate 
on P^ and I ^ J. This equation was used in to recover the MHV amplitudes from d = 1 
curves and in to recover the n = 5 MHV amplitudes from d — 2. In the next section 
we recover ri-point MHV amplitudes from (|2.2|). 



3. The B-Model Calculation 



In this section we evaluate the Fourier transform B of the B-model amplitude 
with respect to /U for the case n = d + 3, which is relevant to the scattering of n — 2 negative 
and 2 positive helicity gluons in YM theory. In the following, we will keep d arbitrary in 
the equations which are independent of the relation between the number of external legs 
and the degree of the curve. 

To simplify the equations, we will analyze separately the bosonic and the fermionic 
parts of equation (|2.2|) . Choosing the index J = in equation ( |2T^ ) and Fourier trans- 
forming |U — > A the bosonic part of the amplitude, we find 



S(A,A) 
where 



vol(G'L(2)) 



Jn 



i=l 



Jo = U 



1=1 



0"i - CTi+l 



exp 



, i=l k=0 



(3.1) 



(3.2) 
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As in we absorbed in and fx"". We will reinstate it at the end of the calculations 
through the rescaling A^ A^/A^ and A" A"A^. 

The first step is to fix the GL(2) symmetry by setting the variables Qq, ai, oi and CT3 
to some arbitrary values at the cost of introducing the Jacobian 

Jl aoVl23, V123 = (o-i - 0-2)(o-2 - Cr3)(cr3 - CTi) . (3.3) 

The integral over the 2((i + 1) a\ moduli is trivial and gives 

B = I d''ad''+^br-''a,JoJi f[S (x^ - ^) 

.1=1 ^ ' 



d / n 'Tj^ 1^ 



Here we have parametrized the remaining bosonic moduli by ak (with ao = Oq uninte- 
grated) and bk, with 

d d 

A, = J]afcaf , B, = J2haf . (3.5) 

k=0 k=0 

A simple counting reveals that there are enough 6 functions to fix all the integration 
variables to a discrete set of values. The first goal is to find them. It turns out that, for 
d = n — 3, there is a unique set of and Ai which satisfies the constraints imposed by the 
last 2{d+ 1) delta functions. To find them we notice that the corresponding equations are 
linear in the ratio rj = Ai/Aj and their solution is 

Ai [k,l]{a^-a2){cTl-as) yr (^i " ^p) . - .3 g^ 

" A. - \k. i] (a. - cT.Mn. -a.) 11 _ ^ ^ tor j^k , (3.b) 



^ Aj [k, j] {aj - (J2)(aj - as) , {(Tj - cTpj 



where j = 4, . . . , n and k can be chosen to be any number from 4 to n. Since the result 
should not depend on the choice of k we find that the following equation must be satisfied 

[ki,3\ (Jj - (Jk2 [k2,j\ cTj - ak^ 

Using the same reasoning for A2/Aj and A^/Aj we find two more equations for ak^ , cr^j and 
aj. They are similar to ( p77|) except that the index 1 is replaced by 2 and 3, respectively. 
These three equations have a unique solution 

^ a2CT3[i, 1] [2, 3] + aia2[i, 3] [1, 2] + aias[3. 2] [3, 1] 

ai[j,l][3,2] + a3[j,3][2,l]+a2[j,2][l,3] " 
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The next step is to expose the momentum conservation constraint and cast the re- 
maining constraints into a more useful form. To this end we make use of the remarkable 
identity 

n ^ T~> \~\ 



i=l 



A. 



k=0 



.1=1 



A,; 



n 



i=l,i^2,3 



d IT' r ■ 1^1 k — ^ " r ■ on k — 1 



where 



k=l i=l 



i=l 



A, 



(3.9) 



J2 = ^2^3^^ [2, 3]'^+^ and a,, = (a, - a,) . (3.10) 

As promised, the first delta function enforces the momentum conservation d'^{p) = 
S'^{Yl7=i KK) after restoring Xj dependence. 

The integrals over the [d + 1) b moduli can be easily performed, given the fact that 
they appear linearly in the equation (|3.9|). The resulting factor is 



= l,i^2,3 



A, 



(3.11) 



where Vi4...n is the Vandermonde determinant of ai, a^, ■ ■ ■ an- 

The last step is to perform the integrals over and cr^. Perhaps the easiest way to 
do this is to make use of the fact that the arguments of the last delta functions are linear 
in Ai/Ai. Changing the integration variables from ai to = Ai/Ai with i = 4, . . . , n 
introduces the Jacobian 



J4 



^1 nL4^? 



(3.12) 



Vl4,...n 

Using the d = n — 3 d functions in the equation (|3.9| ), the integrals over the ratios as 
well as over the positions of the fermionic currents yield 



J5 



[2,z]cT,3af-i 



[3, i\n{ka,2 + (r2)a'y-^ 



(3.13) 



Multiplying the rows in the first block by p'lj^^g subtracting them from the rows 
of the second block while using the equation ( |3.6D leads, after some algebra, to the last 
piece of the bosonic integrals 

1 



^l3^4^.n^:l4([2,^][3,^]r.) ' 
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(3.14) 



The contribution of the fermionic moduh can be easily computed with the result 

(3.15) 

Evaluating the result of the bosonic integrals J0J1J2J3J4J5 on the solution ( P7^ ) and 
multiplying by the result of the integral over the fermionic moduli ( |3.15| ) while restoring 
the X} dependence by rescaling A?, Xf and tp"^ yields the full B-model amplitude 



in agreement with (|2.1|) after the necessary fermionic Fourier transform. 



It is worth pointing out the difference between the gauge theory and the string theory 



derivation of the MHV and MHV amplitudes. The string theory proposed in P] directly 



reproduces the n-point MHV amplitude while from the gauge theory standpoint they are 
obtained by solving certain recurrence relations P,P, p!0| , pT| . It may turn out that, in general, 



the most efficient way of proving the proposal is to derive the gauge theory recursion 
relations from the string field theory of the topological B-model on the twistor space. It 
is however our hope that a generalization of the methods described here will prove to be 
a useful tool in the explicit computation of gauge theory scattering amplitudes. 
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